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THE FUNDAMENTAL GROUP OF A SPATIAL SECTION
REPRESENTED BY A TOPSPIN NETWORK
CHRISTOPHER L DUSTON
Abstract. We present an algorithm which determines the fundamental group
of a spatial section using topspin networks. Tracking the topology of the spatial
section is a unique feature of this approach, which is not possible in standard
Loop Quantum Gravity. This leads to an example of spatial topology change
in a smooth 4-manifold represented by a topspin foam.
1. Topology in Loop Quantum Gravity
The phenomena of topology change in classical gravity is generally accepted to be
restricted to changes which preserve causality[3]. In the quantum case, very little
is known about topology change but it certainty depends on the specific model
being considered. For instance, one can study instatons in semiclassical Euclidean
quantum gravity[10], but the underlying quantum structure is not known. Discrete
approaches to quantum gravity (such as causal sets or dynamical triangulations[2])
naturally include some topological information, but there is not much connection
to the classical theory.
Currently, the best candidate for a quantum theory of gravity is loop quantum
gravity (LQG). In short, it is a quantization of the gravitational field following the
canonical approach of Dirac (for a review, see the excellent texts [15, 17]). It is well-
defined from the point of view of mathematical physics, and may shortly be open
to experimental scrutiny [4]. The key feature of LQG which will be relevant for us
is the role of spin networks - these are graphs embedded in spatial sections with
the fixed topology of S3. The edges of the graphs are decorated with irreducible
representations ρi of SU(2), and the vertices are labeled with intertwiners that map
n ingoing to m outgoing representations:
iv : ρ1 ⊗ ρ2 ⊗ ...⊗ ρn → ρ˜1 ⊗ ρ˜2 ⊗ ...⊗ ρ˜m.
In the case that these intertwiners are invariant subspaces, the spin networks rep-
resent gauge-invariant states and are natural generalizations of Wilson loops. Spin
networks provide information about the geometry of the spatial section via the
SU(2) spin labels, with higher spin generally corresponding to larger curvature.
However, spin networks are ignorant of the topological structure of the spatial sec-
tion. It is easy to see why; by restricting from S3 to the discrete information on the
graph, the resulting spin network could be embedded in any number of topologically
inequivalent 3-manifolds. The exact dynamics of LQG has still not been settled,
but a dynamical change to a spin network requires one of two ad hoc specifications:
• Assume the topology is unchanged from the trivial one (S3), or
• Disregard all topological information about the spatial section that the new
spin network is embedded in.
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The first choice forces the topology to remain background-dependent under quan-
tization, and the second choice leads to serious problems when trying to take the
classical limit of the theory (essentially forcing an arbitrary specification of the
topology). The true role of background independence in fundamental theories is
not know (see [16] for a careful discussion), but it is reasonable to expect that a
quantized theory of gravity should help us to understand the topological nature
of the universe. Thus, neither of the choices given above should be considered
satisfactory, and this problem serves as the major motivation for this work.
2. Topspin Networks
We seek a solution to the loss of topological data in LQG which will also preserve
the existing geometric structure provided by the spin networks. The solution we
present is based on the following classic theorem of Alexander[1]:
Theorem 1. Any compact oriented 3-manifold can be described as a branched
covering of S3, branched along a graph Γ.
The topological structure of the covering spaces is inherited from the base, except
over the branch locus where closed curves can travel into multiple components of
S3 \ Γ. To characterize how this happens, each edge of the graph over which an n-
fold cover is branched can be labeled with an element of Sn. In other words, we can
specify a representation σ : π1(S
3\Γ)→ Sn, which allows us to recover an arbitrary
smooth 3-manifold by a specification of the graph Γ and a set of topological labels
{σi} for each edge ei.
Alexander’s theorem is actually quite powerful, as it can be used to represent
n > 2 dimensional manifolds branched over n − 2 complexes in n-spheres. In the
case of dimension 4, it can even be specialized further to branch loci which are
embedded surfaces[11]. Using an equivalent specification as above, this method can
be used to represent both the geometric and topological data of the gravitational
field in terms of an embedded surface Σ and the representation σ : π1(S
4 \Σ)→ Sn.
This approach is explored further in [8].
The proposed connection with LQG is through the graphs; in the topspin formal-
ism, the spin network graphs are identified with the branch locus and the represen-
tation σ is added through a labeling of each edge with an element of Sn (“topological
labels”)[13, 6]. An example of a topspin network is given in figure 1. The two sets
of labels can always be made compatible by adding trivial representations to the
branch locus and the trivial element (1) ∈ Sn to the spin network. Some modi-
fications to the algebra of LQG is required to make the holonomies well-defined;
specifically, the fields now take values in the algebra U(su(2)) ⊗ CSn rather than
su(2). This leads to some slight redefinitions of the states and operators, but since
this approach exploits natural degeneracies in the spin networks, the modifications
are largely notational. For more details on these modifications see [7].
The representation of a specific branched covering space is not unique; there is
a set of covering moves for these graphs, analogous to the Reidemeister moves but
which are consistent with both the spin and topological labels [6]. This allows one
to determine when two topspin networks represent topologically equivalent spatial
sections. The purpose of the current work is to calculate the fundamental group
of a given spatial section, and present a topspin foam which represents a topology-
changing amplitude for the quantum gravitational field.
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Figure 1. An example of a topspin network.
Σ \ p−1(Γ)
S3 \ Γ S3
Σ⊂
⊂
 
p
Figure 2. The setup for the modified Fox algorithm. The spatial
section Σ is a branched cover of S3, branched over the graph Γ.
3. The Fox Algorithm and Examples
The method which we present to determine the fundamental group of a spatial
section represented by a topspin network is based on the equivalent problem in knot
theory, first presented by Fox [9] and based on a classic theorem of Reidemeister
and Schreier [12]. The setup for this algorithm is illustrated in figure 2. For the
moment we assume the cover is connected. The disconnected case is particularly
important for topological change - for instance, the merging of two spatial spheres
- but we will save this generalization for a later work.
First we present the algorithm and then proceed to show a few examples.
• Find a presentation 〈x1, ..., xn|r1, ..., rm〉 of the graph group G = π1(S
3 \Γ).
This is given by a generator xi on each edge and a set of relations rj on
each crossing. For the case of graphs, we also need to include the vertex
relation
x1...xpx
−1
p+1...x
−1
p+q = 1
for p ingoing edges and q outgoing edges.
• Attach a g-frame Φ to the covering space as shown in figure 3. Closed curves
in S3 \Γ are now represented in (Σ \ p−1(Γ))∪Φ by paths pˆrˆ−1fˆ qˆpˆ−1, and
the fundamental group of that space is H ∗Fg−1, where Fg−1 is a free group
which is completely due to the addition of the frame.
• There is a homomorphism[9] which maps any word in G to one in H ∗Fg−1:
u = xǫ1j1x
ǫ2
j2
...→ uα = x
ǫ1
j1α1
xǫ2j2α2 ...,
where αk = σk(α) and the permutation elements σk are given by the fol-
lowing rule:
ǫk =
{
+1, σk = σ(x
ǫk−1
jk−1
)...σ(xǫ11 )
−1, σk = σ(x
ǫk
jk
)...σ(xǫ11 )
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S
3 \ Γ
Σ \ p−1(Γ)
f
fˆ
σ
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q
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Figure 3. Attaching a frame Φ to a connected cover of S3.
Here the σ(x) are the topological labels on each edge.
• Now the free group must be removed. This is done by identifying a Schreier
tree (a set of words wi such that the left segment of each word is one of
the other words) and adjoining the relations which trivialize their images
in the cover:
w10 = w11 = ... = wg−1,0 = 1.
This mimics the original Reidemeister-Schreier algorithm since each one of
these words is associated to a different sheet of the cover. This gives us the
fundamental group H = π1(Σ \ p
−1(Γ)).
• The images of the branch locus are elements of the kernel of the homomor-
phism
π1(Σ \ p
−1(Γ)) → π1(Σ),
so by adjoining the relations which trivialize them we can recover π1(Σ)
by the first isomorphism theorem. For such an element v of the branch
locus represented by ρ(v) = (β1...βλ)(...)... (in cycle notation) we adjoin
the relations
vβ1 ...vβλ = 1, ...
We now illustrate with some examples.
Example 1: 2 vertices, 3 edges (see figure 4). The edges are generated by a, b, c
and the third edge is restricted by the vertex (the relations from the two vertices
are duplicate). The group is thus G = 〈a, b, c|c = b−1a−1〉. We will use the
representation σ(a) = (012) and σ(b) = (01) (forcing σ(c) = (20)). Under the
homomorphism described above we have
H ∗ F2 = 〈a0, a1, a2, b0, b1, b2, c0, c1, c2|c0 = a0b1, c1 = a1b2, c2 = a2b0〉.
To remove the free group we choose w0 = 1, w1 = a, and w2 = a
2 (which satisfies
the Schreier condition). To find the image of these words in H ∗ F2 we can use the
following tables (and with w0,α = 1 ∀α):
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w1 :
α σ1 α1 w1α
0 (1) 0 a0
1 (1) 1 a1
2 (1) 2 a2
w2 :
α σ1 α1 σ2 α2 w2α
0 (1) 0 (012) 1 a0a1
1 (1) 1 (012) 0 a1a0
2 (1) 2 (012) 2 a2a1
Now by setting wj0 = 1 we get a0 = 1 and a0a1 = 1 → a1 = 1. The fundamental
group of the sheet complement is thus reduced in the following way
H = 〈a0, a1, a2, b0, b1, b2, c0, c1, c2|c0 = a0b1, c1 = a1b2, c2 = a2b0〉
= 〈a2, b0, b1, b2, c0, c1, c2|c0 = b1, c1 = b2, c2 = a2b0〉
= 〈a2, b0, b1, b2〉.
The kernel of H → π1(Σ) is
a0a1a2 = 1, b0b1 = b2 = 1, c2c0 = c1 = 1,
and since the last relation tells us (ab)2(ab)0 = a2b0a0b1 = 1, we find that all of the
generators are trivial and so finally
π1(Σ2) = 0.
Example 2: 3 vertices, 5 edges (see figure 5). This is one of the networks which
would result from the action of the Hamiltonian on figure 4. Here the graph group is
G = 〈a, b, c, d, e, f |c = ba, e = da, f = a−1d−1b−1〉 and the various representations
are given in the figure. The fundamental group of the cover complement with the
frame is
H ∗ F2 =

 a0, b0, c0, d0, e0, f0 c0 = b0a2, e0 = d0a1, f0 = a
−1
2 d
−1
1 b
−1
2
a1, b1, c1, d1, e1, f1 c1 = b1a0, e1 = d1a2, f1 = a
−1
0 d
−1
2 b
−1
0
a2, b2, c2, d2, e2, f2 c2 = b2a1, e2 = d2a0, f2 = a
−1
1 d
−1
0 b
−1
1


Choosing our Schreier tree to be 1, a, a2 we find a0 = a1 = 1 and the fundamental
group is
π1(Σ4) = 〈d0, d1, d2|d2 = d
−1
1 d
−1
0 〉 ≃ Z ∗ Z.
Example 3 (Topspin Foam): There is an analogue of spin foams in this topo-
logical framework - topspin foams [6]. The previous two examples easily lead to a
topspin foam whose boundaries are topologically inequivalent spatial sections just
by ensuring that all the edge relations are satisfied. This is shown in figure 6. In
the figure we have defined d to be any cycle of maximum length in S3 - i.e. (012),
(021) or inverses. It should be noted that since topspin foams which satisfy the
vertex and edge conditions represent smooth 4-manifolds, this example represents
a smooth transition between inequivalent spatial sections.
Finally, there is a simple way to extend example 1 to cover all 2-vertex topspin
networks:
Theorem 2. Regardless of how many edges, a 2-vertex topspin network represents
a spatial section with trivial fundamental group.
The full proof of this result will be presented in a future work. This is particularly
relevant for loop quantum cosmology, where such simple networks are assumed to
have the topology of a sphere [14, 5].
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a
b
c = ab
(1/2, (012))
(1/2, (01))
(1, (20))
Figure 4. 2-vertex
topspin network rep-
resenting Σ2.
x1
x2
x3
x5 = x1x
−1
3
x4 = x
−1
1 x
−1
2
Figure 5. 3-vertex
topspin network rep-
resenting Σ4.
d
−1
d
1
d d
−1
d
d
2
(d−1)21
Figure 6. A simple example of a topspin foam with boundaries
that are topologically different spatial sections.
4. Summary and Outlook
In this short communication we have summarized how one can explicitly deter-
mine the fundamental group of a spatial section using the topspin network formal-
ism. We have presented some simple examples, as well as a topspin foam which
represents a cobordism between a trivial and a non-trivial spatial section. This
topspin foam is generated by the action of the Hamiltonian, and is a model for
topology change in LQG, unique to the topspin approach.
Although we have not elaborated on the other topological characteristics of the
spatial section which topspin networks represent, it should be noted that since they
are closed, the homology groups are given by this construction as well. The first
homology group is H1 = π1/[π1, π1], and under Poincare´ duality we have H1 ≃ H
2.
The modified Fox algorithm thus provides a complete specification of both the
homotopy and homology groups which classify the spatial sections.
This work is based on a presentation given by the author during the LOOPS
13 conference at the Perimeter Institute in Waterloo, Canada. Travel support was
provided by the FGSA Travel Award for Excellence in Graduate Research.
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